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ABSTRACT 

The scattering of * plane wave by a spherical bubble iaaersed 

In a homogeneous perfect fluid of infinite extent has been examined. 

Expressions for (l) the average sound intensity of the scattered wave, and 

(2) the average total intensity of the entire sound field have been obtained. 

Numerical calculations have been carried out for the case of long wave- 

lengths and for distances close to the bubble. Several curves have been 

plotted. 
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A STUDY OF Tfig SCATTgUHG OF 33 WP WAVES IM FLUIDS 
PART I - SCATTTOIWO OF A PUKE MATE  BT A SPHERICAL BUEP-LK 

I. IHTBODUCTIQM 

The scattering of a plane wave by a spherical bubble immersed in 

a Homogeneous perfect fluid of infinite extent has been examined. An ex- 

pression for the average sound intensity of the scattered wave Tery close 

to the bubble has been obtained. The inportant case of long wavelengths 

or saall bubble radii is of particular interest and has been given special 

attention, numerical results are presented in the form of polar diagrams 

for several different values of r/a.  and 2*»/k, vhere f is the distance 

froa the center of the bubble, <L  is the bubble radius and A is the ware- 

length. 

In addition to the average intensity of the scattered wave, an 

expression for the average total intensity of the entire sourd field has 

been obtained. This result is eoapared with the average sound intensity 

of a plane wave travelling in an infinite homogeneous fluid with no bubble 

present. It la found that the influence of the bubble on the average total 

sound intensity is negligible when Zwa/K is snail and h/4-»10.    Thus, 

the average total sound intensity differs very little from that due to a 

plane wave travelling in an infinite homogeneous fluid with no bubble 

present. For snail values of r/a.,  however, the presence of the bubble 

seriously alters the magnitude of the average total sound intensity from 

that due to a plane wave. Polar diagrams of the ratio of the average 

total sound intensity to the average intensity of the incident plane wave 

are presented for several different values of r/a.. 

i i 
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II. DISCOSSIOH 

Consider a plane wave incident upon a spherical bubble of radiup 

A immersed 1" an Infinite homogeneous perfect fluid characterised by 

density f>   and velocity t . It Is desired to find expressions for the 

average sound intensity of the scattered wave and the average total 

Intensity of the entire sound field very close to the bubble. The special 

case when the ratio of wavelength to sphere radius is large Is to be given 

special attention. Large values of this ratio imply that either the wave- 

length is long or the sphere radius Is small. 

The pressure equation for a sound wave Is given by 

where 

(i) 

) where p  Is the excess pressure and   c  is the velocity of sound.    If the 

pressure dependence on tiae is of the form exp(-cwt), then 

(2) 

The scalar wave equation in spherical coordinates Is given by 

U) 
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nhere r ,  0   ar>d   ^ are shown in Figure 1,    Tha pr^b\*a under discussion 

possesses symmetry about the polar axis 90 the incident and scattered waves 

are independent of  p  .    In order to solve the problem it is necessary 

to find solutions of the scalar wave equation that represent an incoming 

plane wave and an outgoing scattered ware.    In addition to these require- 

ments,  it is necessary that the solutions satisfy the proper boundary 

conditions on the surface of the bubble. 

The expression for a plane ware travelling to the right along the 

polar axis in terms of spherical wares is given by 

ft-/? e 

«2* t (5) 

where ^ (ut9) are Legendre Pui.ct.ons of the First lind and ^w^*-)are 

Spherical Bessel Functions.    The expression for the ware scattered by a 
I 

sphere of radius   A. whose center is at the polar origin is 
Otf 

where "„(*>"'  are Spherical Neumann Functions.    The combination 

lAm(*'r)i'ii%g,(b')j represents an outgoing ware. 

The appropriate boundary condition for the bubble is that the 

total pressure on its surface be sero.    Therefore, the condition to be 

satisfied when M^U that the sum of the incident and scattered pres- 

sures be sero. 
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The constants Cm can be found by subati'vutiiig equations (5) and 

(6) Into aquation (?)<    Substitution yields 

fro •     J, 

-r- 
*i*0 

or 

2Tc gt-dfafo+*< M] e" 

Let 

where 

By aaking use of the relations 

L -   €. 

(8) 

(9) 

(10) 

(12) 

(13) 
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the constants C.m can be written 

The expression for the scattered pressure ware becoaes 

*Am(kr)*^*m(U)fc(o»9>)e^       . (15) 

by 

The radial coaponent of velocity for the scattered wave is given 

By substituting equation (6) into (16) the expression for the velocity 

of the scattered wave becoaes 

or 

r    i*o    r r 

It is convenient to introduce the following notations 

(17) 

(18) 
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Dy using the appropriate recurrence forsnlas it can be shown that 

4 (kr) =^ ^^aO-^/)v/^)]Vrr^/)/^/M-^./Mjv 

(19) 

and 

A (h) - &£' (*+,H*' (kr)~t ?r< a'"> . (20) 

Substituting (lb) and (18) into (17), tbe expression for the radial Telocity 

of the scattered ware becones 

(21) 

In a similar way it is found that the radial component of Telocity 

for the incident plane wave is 

^-7t^.?M/;w r// *   *H-*Jt c        e <22> 

where 

^•^^'•H^J • (23) 
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<  f 
The angular component of velocity for the scattered wave la given 

( ) 

; 

b7 

"r9~ tuf r   W <*> 
VU.J-1&.      • 

Differentiating equation (15) vith reapect to &  and combining terae 

•/^ (ki) A*** <*> &*) Pr (<**• 9) e" (2$) 

where 

ff{c»9) -£ /?£"») • 

The angular ooaponent of Telocity for the incident plane wave la 

The average intensity of the scattered wave can be found by 

Multiplying the real parts of the expressions for the scattered pressure 

and scattered radial velocity and averaging over time. Note that the 

average eoattered intensity la the average rate at which energy is trans- 

mitted per square centimeter in a radial outward direction. The real 

parts of the expression* for fy   and Usare given by 
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»•> = O 

<-++- l*P~(k*)-**(kr) -f»« +u)t] 
(2?) 

and 

Thar©fore,  the intensity of the yattgrcd ware becomes 

1L(ft) fob's)   *-£r'£ T(2*H)(2f.+i)4^(U)*<^t(U) 

(29) 

By using ths appropriate trigonometric formulae and omitting all terms 

whose time arerage is zero, 

co*/'** (U)- «~fa)-$»+»*] *++[«/**) -4 ft-)- *fa')+»* ] 

Substituting the above result into equation (29) it is found that ths 

average intensity of the scattered wave is 
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60 ,  

MTO ^ s a 

where x# 
r '•/*/> C is the average intensitj of ti*» incident plan* wave. 

Note that if e.g.a. units are used, the intensity is Measured in ergs 

per second per square centimeter. 

The average total intensity of the entire sound field can be found 

by taking the rector SUB of the average total radial intensity and the 

(    ) average total angular intensity. The average total radial intensity can 

be found by multiplying the real parts of the expressions for the total 

pressure and total radial velocity and averaging over time. Note that 

a positive value of the average total radial intensity is the average 

rate at which energy is transmitted per unit area in a radial outward 

direction. The average total angular intensity can be found by multiply- 

ing the real parts of the expressions for the total pressure and total 

angular velocity and averaging over time. In this case a positive value 

of the total angular intensity is the average rate at which energy is 

transmitted per unit area in the direction of increasing 9 . 
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The total pressure,   to««l radial Telocity and total angular 

velocity ere given by the following expressions: 

*•  V 

'        bso V 

i 

(32) 

(33) 

(3U) 
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The rwl parts of these quantities «re given by 

M*0 

- ji £(2fi»)$(c*.e)Br (k*)4^*r (U) 
f*o 

p ~ J (36) 

>=o 

(37) 
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Tbe total radial intensity becomes 

(    ) 

4 22. 6-tMfiMi?MM.^ *•) 

t^f^W*^^)^rtr)-f(>f() + ^J 
6-       2- 

* ._-. • ^       L.   v A 

(3a) 
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^f f 

• pi X ^ 

(39) 
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Note that io equation* (38) and (39) the first double summation U the 

intensity of the incident wave and the second double summation Is the 

intensity of the scattered wave.    The last Wo double summations represent 

interaction between the incident and scattered fields.    The presence of 

interaction terms in the expressions for the intensity components is due 

to the fact that the total pressure and coapocent particle velocities each 

involve two terms.    Upon multiplication,  four products are obtained, two 

of which are cross product terms that represent interaction between the 

incident and scattered fields.    The contribution of these tents to the 

total intensity field is significant when intentity Measurements are mad* 

close to the bubble.    It should be noted that the total pressure and com- 

ponent particle velocities do not involve cross product terms since these 

s~\ can be expressed as sums of the Incident and scattered fields.    In order 

to find the average total radial and angular intensities, the time averages 

of equations (38) and (39) must be determined. 

The average total radial intensity is found to be 

P1   Vs  <C 

mt-0   t>* 0 

•£ Z 2 (^*l)C2t^(cn9)Pt(M»)f.(b)j.,F(kr) 

o*. [-f^f^')] 
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pi  v- V 

2 g^       «-° 

(iiO) 

The arerage total angular intensity Is eiT»n by 
^      - - 

' m- 0   pa 0 ' ' 

Z7"  /   cv 
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o*_      x 

(Ui) 

The quantity   i0/ 2f>c   is the average intensity of the incident plane 

wave.    If.e.g.a. units are used,  the intensity is measured in ergs per 

second per square eentijsster. 

The case of very long wavelengths is of particular interest. 

The expressions for the intensities can be simplified slightly by asking 

use of well known asymptotic formulae.    The formulae needed are the 

following: 

/.ft*)     *   1 

 . (kS (U2) 

n9(U) 
1-3-5 (2y»+i) 

ka^ 
/3-S--(2»,-t) 

cur*' 
Substituting these results into equation (11) 

in =0 

/w> 0 

m =-0 

M •> 0 

-U*^*»>{k*)-— ^-m :—TT 
0-3-S'->f2m+l)j[h3S-...fiWt-OJ 

ka.-*o 

kp>—*0 

k<y-*o I 

m >Q 

> 

<i»3) 

(  ) 
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for snail valuee of   r*- .    Since the arguaents of the tangents are small 

<x,(lu) *» +i~.^ (i*) <r (k*.) ^-O ~\ 

//.a <.   /•> t; 

2..-J / 
hu») 

•>o        / 

By aaJdng use of the abo/c approxinations,   the teras In equations 

(35)  and (36) involving  0^ ^VA.) can be computed with ease for the case 

of long warelengths. 

The aTerage total intensity of the entire sound field is given by 

? r rr-iZ+Z2 9        > (US) 

( where   th   and    tfi are the unit rectors in the direction of increasing   f 

and £ .    The aagnitude and phase of I r are 

\Tr\ - frTTxT m 

fi s 7tt*t _2L   . 
y (U7) 

In the above equations /ZTf is the aagnitude of the average total inten- 

sity at the point (rj&)and £ is the angle between the average total inten- 

siiy and the unit vector  t„ •    The angular deviation between the direction 

of the average total intensity produced by a plane wave incident upon a 

spherical bubble and the average intensity of the saae plane wave with 
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no bubble present is given by 

A ** + $    • 
The quantity Si   will be called the Intensity Deviation Angle. 

(W) 

o 

o 
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III.    RESULTS 1 
The ratio of average scattered Intensity to average Incident 

intensity h»s been plotted as a function of angle for different va.lues 

of jina/A. and r/*-.    Two sets of curves have been drawn and are presented 

!    > 

! 

( ) 

in Figures 2 and 3.    In the first set of curves 2n/,K is held constant 

and  f/<*- is varied; in the second set of curves r/a. is held constant and 

2TTO/K is varied.    The following sets of values have been taken for pur- 

poses of calculation: 

Figure 2:    2rraA- 0.10,     r/rt.   » 3/2,  2, 1* 

Figure 3:     r/a        » 2.00,  2rra/A- 0.05,  0.01, 0.02 

Per the case in which *-/A.1S fixed,  there seems to be little change in 

the ratio of scattered intensities for the values of 2n~/K considered. 

Note that for a wavelength of 100 feet and a bubble diameter of 3 feet, 

the value of lira/Ala approximately 0.10.    For this value the ratio of 

intensities 1.5 feet away from the surface of the bubble in the backward 

direction along the polar axis is 0.30°. 

The average total sound intensity of the entire sound field is 

equal to the vector sun of the average total radial and average total 

angular intensity components.    Unfortunately,  the numerical calculation 

of these intensity components is lengthy and tedious since each component 

is equal to the sun of four double summations in which the indices run 

from sero to infinity.    For computational purposes,  however, only a 

finite number of these terms need to be taken because terms involving 

large values of the indices are extremely small.    It is found that for 
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small values of the parameters  2**//.     and T^-, sufficient accuracy la 

obtained by taking tha largaat Tains of each isdax to Oe two.    Each 

intensity component can,  tharafore,  be expressed as the SUB of thirty-»ix 

terms pro nded calculations are Halted to the case of long wavelengths 

and distances close to the bubble.    As the value of either 2nej k or   r/t- 

ls Increased,  It is round that acre and more teras are needed to obtain 

the correct values of the Intensity components.    Numerical work becomes 

prohibitive when the wavelength is of the saas order of magnitude as tha 

bubble radius* 

In order to obtain soas idea as to the Influence of a spherical 

bubble on the average total intensity,  calculations hare been performed 

for values of  2rr&/A» 0.1 and  r/fi- - 2,  k, 10.    These rallies are repre- 

/""* sentatire of a small bubble in a sound field of long wavelength and corre- 

spond approximately to a bubble diameter of 3 feet and a wavelength of 

100 feet.    Figure h is a plot of the Intensity Deviation ingle as a 

function of the polar angle fr tor 2"*M • 0.1 and r/*-- 2.    Figure 5 

is a polar plot of the ratio of the average total sound Intensity to the 

average Intensity of the incident plane wars for 2rr*/k. "0.1 and */*- - 2. 

Note that the arrows shown on the polar diagram Indicate the direction 

of the total sound intensity vector with rsspsct to the polar axis at 

the point (2&t9),    The value of \T7\/T0 1.5 fast away from the surface 

of the bubble in the backward direction along the polar axis Is 0.185. 

Figure 6 is a polar plot of the ratio of the average total sound intensity 

to the average intensity of the incident plane wave for 2**/Km 0.1 and 

//*- - 2,  li,  10,   oc .    it is evident that for large valnee of r/a- the pres- 

ence of the bubble has little influence on the average total sound intensity. 

S 
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Figure 6 - Ratio of Average Total Intensity to Average 
O Incident Intensity as a Function of Angle for 

*A - 0.1 and f/Am 2, lt 10,<*. 
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